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Abstract. The squared eigenfunction symmetry for the Toda lattice hierarchy is explicitly con- 

O ■ 

, structed in the form of the Kronecker product of the vector eigenfunction and the vector adjoint 

\ eigenfunction, which can be viewed as the generating function for the additional symmetries when 

the eigenfunction and the adjoint eigenfunction are the wave function and the adjoint wave function 
respectively. Then after the Fay-like identities and some important relations about the wave functions 
are investigated, the action of the squared eigenfunction related to the additional symmetry on the tau 
function is derived, which is equivalent to the Adler-Shiota-van Moerbeke (ASvM) formulas. 
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1. Introduction 



>: 

The squared eigenfunction symmetry [1H1] , also called "ghost" symmetry [5] , is a kind of symmetry 
■ generated by eigenfunctions and adjoint eigenfunctions in the integrable system. One important 



application lies in that by identifying the squared eigenfunction symmetry with the usual flow of the 
integrable hierarchy, one can get the corresponding symmetry constraint [2,4,6-llJ. The other is its 
connection with the additional symmetry [5 |J12|, ll3j , which is the symmetry depending explicitly on the 
space and time variables |14H22j . By now, much work has done in the field of the squared eigenfunction 



(N 
(N 



^ ' symmetry. For examples, 1) the squared eigenfunction symmetry for the KP hierarchy is studied in its 
connection with the corresponding additional symmetry in [5j; 2) by using the squared eigenfunction 
symmetry to construct the new flow, the extended integrable systems [23, 24J are developed, which 
contain the integrable equations with self-consistent sources; 3) the squared eigenfunction symmetries 
for the BKP hierarchy and the discrete KP hierarchy are systematically developed in [12J and [13J 
respectively. 

The Toda lattice equation [25], as an important integrable system, describes the motion of one- 
dimensional particles with exponential interaction of neighbors, which plays significant role in physics. 
The Toda lattice hierarchy was first introduced by Ueno and Takasaki [26\ to generalize the Toda 
lattice equations along the theory about the KP hierarchy [27], which is investigated in many aspects: 
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such as interface growth [28], connection with Laplace-Darboux transformation for general second 
order partial differential equations [29j, connection with infinite dimensional Lie algebras [26} 130] . 
and its two extensions: extended Toda hierarchy [31] and extended bigraded Toda hierarchy |32H34] . 
However, the squared eigenfunction symmetry of the Toda lattice hierarchy is not given explicitly in 
literature. 

In this paper, a handy form of the squared eigenfunction symmetry of the Toda lattice hierarchy 
is given in the form of the Kronecker product of the vector eigenfunctions and the vector adjoint 
eigenfunctions. Then the relation with the additional symmetry of the Toda lattice hierarchy is 
investigated: the particular squared eigenfunction symmetry generated by the wave function and 
the adjoint wave function can be viewed as the generating functions of the additional symmetries 
for the Toda lattice hierarchy [17 | I19 | I3"5]. Next, in order to show the action of the particular squared 
eigenfunction symmetry on the tau function, which is actually the so-called Adler-Shiota-van Moerbeke 
(ASvM) formulas |17 1ll8ll36] . the Fay-like identities and some important relations about the wave 
functions are studied. The Fay-like identities for the Toda lattice hierarchy shows the algebraic 
properties for the tau functions |37H39j . With the help of the Fay- like identities, some relations about 
the wave functions are derived in this paper. At last, upon the preparation above, the action of 
the squared eigenfunction symmetry on the tau function is obtained. By considering the connection 
between the squared eigenfunction symmetry and the additional symmetry, another proof of the ASvM 
formula is in fact showed. 

This paper is organized in the following way. In Section 2, some basic knowledge about the Toda 
lattice hierarchy is reviewed. Then, the squared eigenfunction symmetry of the Toda lattice hierarchy 
is constructed in Section 3. Next, in Section 4, the Fay-like identities and some relations about the 
wave functions are given. The action of the squared eigenfunction symmetry on the tau function is 
showed in Section 5. At last, in section 6, some conclusions and discussions are given. 

2. the Toda lattice hierarchy 
The Toda lattice hierarchy |17U26j is defined in the Lax forms as 

d Xn L = [(I%,0) + ,L] and d Vn L = [(0, L%)+, L), n = l,2,--- (1) 

with L be a pair of infinite matrices given by 

L = {L 1 ,L 2 ) = { E diagfa^OOlA*, ]T diag[af \s)]v) e 9, (2) 

— oo<i<l — l<i<oo 

where A = (dj-i^ij^z, and a\ (s) and a\ (s) are the functions of x = (x\,X2,- ■ ■) and y = 
(yi,V2, ■■■), such that 

a^(s) = l and af\s) ^ Vs, 
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and the algebra 

9 = {(Pi,P 2 ) G gl((oo)) x gl((oo)) | (Px)y = for j - i » 0, {P 2 ) ij = for i - j » 0} 
has the following splitting: 

9 = 9+ + 9-, 

9 + = {(P, P)e9\ {P)ij = for \i - j\ » 0} = {(Pi, P 2 ) e 9 | Pi = P 2 }, 

= {(Pi, P 2 ) € | = for j > i, (P 2 ) ij = for i > j}, 

thus (Pi,P 2 ) = (Pi,P 2 )+ + (Pi,P 2 )_ can be given by 

(Pi, P 2 )+ = {P\u + P 2 l,P\u + P 2 l), (Pl,P 2 )- = (Pi/ — P 2 l,P 2 u — Phi), 

where for a matrix P, P u and P denote the upper (including diagonal) and strictly lower triangular 
parts of P, respectively. 

The Lax operator of the Toda lattice hierarchy (pQ) can be expressed in terms of wave matrices 

w = {w 1 ,w 2 y. 

Wi(x,y) = 5i(x,y)e^ A ), W 2 (x,y) = S 2 (x,y)e^ A ^ (3) 

as follows 

L = W(A,A- l )W~ 1 = S'(A,A- 1 ) 1 S- 1 , (4) 
where S = (Si,S 2 ) has the forms below 

Si(x,y) = ^ diag [ Ci ( s;x ' y )] A ~ l > S 2(x,y) = ^diag[c-(s;x,y)]A\ (5) 

i>0 i>0 

with c (s;x,y) = 1 and c' Q (s;x,y) ^ for any s, and £(x,A ) = J2 n >i x n-^ ±n ■ The wave matrices 
evolve according to 

d Xn S = -(L?,0)_S, d yn S = -(0,L£)_S, (6) 

a^iy = (l?,o)+w; d, n ^ = (o,L5)+w. (7) 

The vector wave functions \l/ = (^i, x & 2 ) are defined in the following way 

%(x, y; z) = {^i{n; x, y; z)) n& = Wi(x, y)x(z), (8) 
where x( z ) = ( z ')«gz, while the adjoint wave functions are defined by 

**i(x,y,z) = ^>*{n-x,y;z)) n& := {W i {x,y)- 1 ) T X \z) (9) 
with x*( z ) = x( z ~ X ) an d T refers to the matrix transpose. Thus from @, we know 

L^ = (z,z~ 1 )^. (10) 
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And further the wave functions satisfy the following equations 

d Xn * = (L?,0) + -$, ^* = (0,LJ) + *. (11) 

If vector functions q = {q{n;x,y)) n& z and r = (r(n; x,y)) n ^z satisfy 

dx n q = (L±) u q, d Vn q = (L%) iq , 
d Xn r = -(U{)Zq, d yn r=-(L^)fr, (12) 

we call them vector eigenfunction and vector adjoint eigenfunction for the Toda lattice hierarchy 
respectively. Obviously, the wave functions \&i and ^2 ar e eigenfunctions, and the adjoint wave 
functions ^\ and ^2 are the adjoint eigenfunctions. 

From ([7]), the bilinear relation for the Toda lattice hierarchy can be easily got 

W 1 (x,y)W 1 (x',y')- 1 = W 2 (x,y)W 2 (x',y')- 1 (13) 

for any x, x' and y, y'. In order to rewrite (|13p in terms of the (adjoint) wave functions, the following 
lemma [T7] is needed. 

Lemma 1. Given two operators U = (Ui, U 2 ), V = (Vi, V 2 ) € Q depending on x and y, one has 

UiVx = res z ~{U lX (z))®[V?'x*(z)), (14) 

U2V2 = res^^xCO)®^*^" 1 )), (15) 
where res z Y^i o-iZ 1 = a_i and (A ® B)ij = AiBj. 

Therefore, according to {[8]) ([9]) , the bilinear relation (I13p is equivalent to the following residue for- 
mula, 

res 2 ^i(x, y; z) ® V$(x', y'; z) = res z ^ 2 (x, y, z~ x ) ® V* 2 (x', y'; z" 1 ), (16) 

which further can be showed as 

1 1 

res z -tf x, y; z)V\(s!; x', y'; z) = res*-tf 2 (s; x, y; z' 1 )*^ '; x', y'; z" 1 ). (17) 

Using the bilinear identity (|17p above, Ueno and Takasaki [26] proved that there exists a tau function 
t(s, x, y) such that 



Vi(s;x,y;z) 



t(s;x-[z 1 ] 2 y)_ e ^ X)Z ) zS 
r(s;x,y) 

Ms;x,y;z) = r(s + l; X ,y-[ Z ]) eay>z - l)z ^ 

T(s;x,y) 



tyl(s;x,y;z) 



t(s + 1;x+[z 1 },y) 
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t(s + l;x,y) 



-£,(x,z) -s 



n(s;x,y, z) = T ^;y+['i) e ^v, (is) 

r(s + l;x,y) 



where [z] = (z, \z 2 , |z 3 , • • • ). 

Another important object is the vertex operators |17j for the Toda lattice hierarchy, which are 
defined in the following way 



X(x,A,aO := ((^) n X(x,A,M)) n6Z , X(y,A, M ) := ((-) X(|/,A,/i))^, (19) 

where 



X(x, X,fi) = i : e 9 ^ :: e e M := i^^AO"^.^^ t( A ^~ ! ^ 
A A 

= _I e «(^,M)-C(^-[M- 1 ],A) e Er H x ~ l ^~ l )wi + 5( - A) ^ (20) 
A 1 

and 

OO OO o 

0(A) ee -^A^ + ^-A-'— , (21) 

1=1 i=l ' 

the columns : ... : indicate Wick normal ordering with respect to the creation/annihilation "modes" x\ 
and g^p, respectively. And the delta-function is defined as 



OO 



'<*./•> - E j£r = nV£^T (22) 

17 — — OO -A U, 



According to (fT8|) , one can find 



T V A / neZ 



X(y,A,/i)r 



- — *i(n;x,y;^)*I(n- l;x- [/x ^j/jA) + <5(A,/z)) , (23) 
A/i / nez 

-¥ 2 (" - 1; x,y + [A" 1 ]; M _1 )*2(« " 2/! 

-^^(njx^j/x-^^nsx^-t/i-^A-^ + ^A,^) . (24) 

The additional symmetry for the Toda lattice hierarchy |17 p i9 t l35] can be expressed in terms of the 
Orlov-Shulman operators [16], which is defined as 



where 



satisfying 



M = (M 1 ,M 2 ) = W(e,e*)W-\ (25) 



e = diag[s]A 1 , e* = -e T + A, 



M* = (d z ,d z -i)*, [L,M] = (1,1), 
d Xn M = [(L^,0) + ,M], d yn M=[(0,L%)+,M). (26) 
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By introducing additional independent variables , and y* m the actions of the additional symmetry 
on the wave matrices are showed as 

d x * m W = —(M™L[,0)-W, d y * m W = -(0,M 2 m 4)_W. (27) 

One can further find 

d x * mil * = -(M?L[,0)-% d y * m V = -(0,M 2 m 4)_M/, 

d <il L=[-{MTL l 1 ,0)-,L], d y * m L= [-(0,M 2 m 4)_,L], 

d x . M=[-(MTL[,0)-,M\, d y * mi M=[-(Q,M™L l 2 UM], (28) 



oo ■ 



and by acting on the space of the wave matrices, d x * ; and d y * ; forms into Lie algebra Woo x w 

3. The squared eigenfunction symmetry for the Toda lattice hierarchy 

Given a couple of vector (adjoint) eigenfunctions q and r, the squared eigenfunction flow of the 

Toda lattice hierarchy can be defined by its actions on the wave operators, 

d a W l = {q® r)tW u 8 a W 2 = -(q® r) u W 2 , (29) 

or 

d a W = (q®r,0)-W = -(0,g<g>r)_W. (30) 

Note that for a matrix P, P u and P[ denote the upper (including diagonal) and strictly lower triangular 
parts of P respectively, and {A (g) B)ij = A{Bj. 

According to one can further have the squared eigenfunction flow on the Lax operator 

d a Li = [{q®r) u Li], d a L 2 = -[(q <g> r) u , L 2 ], (31) 

or 

8 a L= [(g®r,0)_,L] = -[(0, q ® r)_, L}. (32) 

The proposition below shows that this squared eigenfunction flow is indeed a kind of symmetry, 
and thus is called the squared eigenfunction symmetry 

Proposition 2. 

[d a ,d Xn ] = [d a ,d yn ] = 0. (33) 
Proof. In fact, according to (fD. (fTD. (f29l and (15T]) 

[dcMW! = S a ((^i)«Wi) -^ n ((^®r)^i) 

= [(q®r) l ,I$] u W 1 + (L?) il (q®r) l Wi 

-({L^) u q ® r)m + (q® (L?)£r)jWi - (q ® r),(£?)«Wi 

= [(g ® r),, Li] u Wi + [(£?)„, (g ® r),]^ 
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(L^) u (q ® r)) Wi + [(q ® r)(L?) tt J 
= [(g r),, Li] u Wi + [(L?) tt , (g ® r),]Wi - [(£?)«, q ® r]jWi 
= [(g r),, (L?)„]«Wi + [(£?)„, (g ® r),]Wi - (q ® r),],Wi 

= [(g ® r),, + [(£?)„, (q ® r),]Wi = 0. 

Note that ((L™) u )g (gi r = (L") u (g ® r), and q <g) (L^^r = (q ® r)(L") u are used in the third identity. 
While [.A u , = [A;, = is used in the fifth identity. 

Similarly, [d a ,d Xn ]W2 = [d a , d Vn ]Wi = [d a ,d yn ]W2 = can be proved. □ 



Define the following double expansions 



Z / m \ Z / 



m=0 l=—oo 



00 (,, _ \\m 00 



m! 

m=0 l=—oo 



which can be viewed as the generator of the additional symmetries for the Toda lattice hierarchy. This 
double expansions can be related with the (adjoint) eigenfunctions in the following way, 

Proposition 3. 

Yx(X,fi) = A-^ifo^M)®*!^!/;*), (34) 

Y 2 (X,fj) = A-^aC^y;/*" 1 )®*^^!/^" 1 )- ( 35 ) 

Proof. Firstly, according to Lemma [IJ one has 

M m L m+l = M ™ Wl Vn+l w -l 

= res^- 1 (M 1 m iy 1 A m +' X (z)) ® ((Wf^VW) 
= res4z- 1+m+/ ar*i(x,y;z)) ®^(x,y;z), 

then, 



oo oo 



Y 1 (X,^) = res.^ £ __ iLJ-^-i^^^, y - z) ) ® ®J( X , y; z ) 

m=0 Z=— oo 

= res 2 (5(A,z)2; _1 e ( ^ A)9z ^i(x,y;z) ® ^(x, y; z) 
= A^e^-^^i^^A)®*^^^^) 
= X~ Xl ^i{x,y;n) ® SSf*(x,y;\), 

where res 2 (5(A, z)f(z)) = /(A) is used. 
Thus (plj) are proved. 



Similarly for (f35|) . 



= res z z- 1 (M™W 2 A- m - l x(z~ 1 )) ® (O^TTx*^ -1 )) 



then 



oo oo 



m=0 Z=— oo 

= res z 5(X, z)z~ 1 e^~ X}9z ^ 2 (x,y; z~ v ) ® ^2(^> V\ 
= \- l e^ d ^ 2 (x, y; A" 1 ) ® ^(x, y; A" 1 ) 



□ 



If define d ai and 9q, 2 flows, 



On^i = (A _1 ^i(x, y; n) <g> ^>\(x, y; X))iWi, (36) 
d ai W 2 = -(A _1 ^i(x, y; n) <g> ^>\{x, y; X)) U W 2 , (37) 



and 



d a2 Wx = -(X-^x^^^^x^X- 1 ))^, (38) 
d a2 W 2 = (A-^a^y;//- 1 )®*^^^^- 1 ))^, (39) 

one can find that d ai and d a2 are the squared eigenfunction symmetries generated by the pair of 
*$>i(x,y;n) & X~ l ^\(x,y\ A) and the pair of —^ 2 {x, y; & A -1 ^^ y; A -1 ) respectively. 

Further from (134j) and ([35]), it is can be known that the squared eigenfunction symmetries d ai and 
d a2 are the generators of the additional symmetries for the Toda lattice hierarchy, that is, 



m=0 k=—oo 



m=0 k=—oo 

In the rest of this paper, we will mainly study this two particular squared eigenfunction symmetries 
d ai and d a2 , and show their actions on the tau function of the Toda lattice hierarchy. 



4. Fay-like Identities and some Important Relations about the Wave Functions 

In this section, the Fay-like identities for the Toda lattice hierarchy are reviewed and some important 
relations about the wave functions are derived, which is helpful for the research on the squared 
eigenfunction symmetries. 

The general Fay-like identities are investigated in [37 L In this paper, only some particular cases are 
needed. The starting point of Fay-like identities is the bilinear identity of the Toda lattice hierarchy 
in terms of the tau function, which can be derived by substituting f)18|) into the bilinear identity (|17p 

res z (V(s; x - [z~\ y)r{s' + l;x' + [z _1 ], yV~''~ 1 e C(x, * ) ~ {(x,, * )> 
= res, (V(s + 1; x, y - [js -1 ])^; x' , y' + [z~ l ])z s ' -^e^ ) . (40) 



Starting from (|40p . the first group of particular Fay-like identities, showed in the following lemma, 
which also appears in [38J . can be easily obtained with the help of the following identities, 

1 _ / 1 1 \ 1 

(1 -zsi)(l -zs 2 ) ~ \(l-zs 2 ) ~ {l-z Sl )J z(s 2 -s 1 y ( ' 

oo oo 

res 2 (( £ a n (()z- n ) T -—)=((Y;*n(()z- n )\ . (42) 

n=— oo ' n=l 

Lemma 4. 

(1) sir(n;x- [s 1 ],j/)r(n + l;x- [s 2 ],y) - s 2 r(n;x- [s 2 ],y)r(n + l;x- [si],y) 

= (s 1 -s 2 )T(n + l;x,y)T(n;x-[si]-[s2],y), (43) 

(2) sir(n + 1; x, y - [si])r(n; x, y - [s 2 ]) - s 2 r(n + l;x,y- [s 2 ])r(n; x,y - [si]) 

= (si-s 2 )T(n;x,y)T(n + l;x,y-[ai]-[s 2 ]), (44) 

(3) t(h;x- [si],y)T(n;x,y - [s 2 ]) - T(n;x,y)T(n;x - [si],y - [s 2 ]) 

= s 1 s 2 T(n - l;x - [si],y)r(n + l;x,y - [s 2 ]). (45) 

Another group of particular Fay- like identities can also be obtained starting from (|40p . In fact, by 
considering the following four cases of (|40p : 

Case I: s' = s = n — 1, x' = x — [si] — [s 2 ] — [S3], y' = y, 

Case II: s' = s = n, x' = x - [si] - [s 2 ], y' = y — [s 3 ], 

Case III: s' = s + l = n + l, x' = x- [s 3 ], y' = y — [si] - [s 2 ], 

Case IV: s' = s + 2 = n + 1, x' = x, y' = y — [s\] — [s 2 ] — [S3], 
and using (|4ip and (|42p . one can obtain the following lemma. 

Lemma 5. 

(1) si(s 2 - s 3 )r(n; x - [si], y)r(n; x - [s 2 ] - [s 3 ],y) 

+ ^2(53 - si)r(n; x - [s 2 ], y)r(n; x - [s 3 ] - [si], y) 
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+ s 3 (si - s 2 )r(n;x - [s 3 ],y)r(n;x - [s\] - [s 2 ],y) = 0, (46) 

(2) sir(n; x - [si], y)r(n + 1; x - [s 2 ], 2/ - N) 
- s 2 r(n; x - [s 2 ], y)r(n + 1; x - [si], y - [s 3 ]) 

= (si - s 2 )r(n;x - [si] - [s 2 ],y)r(n + l;x,y - [s 3 ]), (47) 

(3) (si - s 2 )s 3 r(n + 1; x, y - [si] - [s 2 ])r(n - 1; x - [s 3 ], y) 

= t(ti; x, y - [si])r(ra; x - [s 3 ], y - [s 2 ]) - r(n; x, y - [s 2 ])r(n; x - [s 3 ], y - [si]), (48) 

(4) (s 2 - s 3 )r(n; x, y - [si])r(n + 1; x, y - [s 2 ] - [s 3 ]) 
+ (S3 - si)r(n; x, y - [s 2 ])r(n + 1; x, y - [s 3 ] - [sj) 

+ (si - s 2 )r(n;x,y - [s 3 ])r(n + l;x,y - [si] - [s 2 ]) = 0. (49) 

Next with the help of the two groups of particular Fay-like identities, one can get the following 
relations about the wave functions for the Toda lattice hierarchy. 

Lemma 6. 

^i(n;x,y; A)^i(n;x,y;z) = ^(^(n + 1; x, y; z)^*(n; x - [z" 1 }, y; A) 

-#i(n; x, y; z)f*(n - 1; x - [z" 1 ], y; A)), (50) 
#*(n;x,y;A)# 2 (n;x,y;,z) = * 2 (n; x, y; z)^(n; x, y - [z]; A) 

-^ 2 (n + l;x,y;z)^(n+l;x,y- [z];A), (51) 
^ 2 {n;x,y;\- l )^i{n- Xl y;z) = z~ l (^>i(n + 1; x, y; z)^ 2 (n; x — [z^ 1 ], y; A -1 ) 

-#i(n;x,y;z)^(n- l;x- A -1 )), (52) 

^ 2 (^;^,y;A _1 )^ 2 (n;x,y;z) = <£ 2 (n;x,y; z)V 2 (n;x,y - [z]; X' 1 ) 

-# 2 (n + 1; x, y; z)tf£(n + 1; x, y - [z]; A" 1 ). (53) 

Proof. Firstly, according to (fl~8l) and (l4"3j) . one can get 

*J(n;x,y; A)^i(n;x,y;z) 

P «*>*)-«s,A) p N ra t(" + 1; g + y)r(n; x - [z" 1 ], y) 



r(n+ l;x,y)r(n;x,y) 

g(s,z)-gQr,A)/ z W gl! r(re;x+ [A' 1 ] - [z^ 1 ]^) 
VA/ Vz -1 — A -1 r(n;x,y) 

A" 1 r(n + l;x + [A- 1 ]-[^ _1 ]>2/) > 



z 1 — A 1 r(n + 1; x, y) 

z -1 (*l(n + 1; x, y; z)^(n; x - [z _1 ], y; A) - #i(n; x, y; *)* *(" - 1; x - [z~\ y; A)), 



and thus ([50]) is obtained. 
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Then, similarly CED and (@5J) leads to and ([52]), that is, 



*i(n;x,y; A^^n; x, y; z) 

/ z \ n c ^( x ^)+£( y ,z- 1 ) r(n + 1; x + [A" 1 ] , y)r(n + l;x,y-[z]) 
\\J r(n + 1; x, y)r(n; x, y) 

f z\ n c -Z( x ,\)+Z( y , z ^) f r(n + l;x + [X- 1 ]^ - [z]) _ z _ r(ra + 2; g + [A" 1 ], y - [z]) 
\\J \ T(n;x,y) A r(n+l;x,y) 

^2{n;x,y;z)^l(n;x,y - [z];X) - ^ 2 (n + l;x,y;z)®l(n+ l;x,y- [z];A), 



and 



%(n;x,y;X x, y; z) 

^{x,z)-^,\) r Xz \n r(n; x, y + [A~ 1 ])t(w; x - [z' 1 ], y) 

r(n + l;x,y)T(n;x,y) 

c e(x,z)-g V) x)r x ,nf T ( n i x ~ \ z ~ l lv + [A -1 ]) _ / \ n— i t(w - 1; x - [z' 1 ], y + [A' 1 ]) 
V r(n + l;x,y) r(n;x,y) 

z _1 (*l(n + 1; x, y; z)^(n; x - [aT 1 ], y; A) - #i(n; x, y; z)*J(n - 1; x - [z -1 ], y; A)). 



At last, by using (fTHj) and ([33]) . one can obtain ([53]) . 

^(n; x, y; A _1 )^ 2 ("-; x, y; z) 

e gfa, z - 1 )-gfa,A)/ A ^n ^j^ 1 l+ [A~ 1 ])r(n + l;x,y - [z]) 

r(n + l;x,y)r(n;x,y) 

= x-UX- 1 - z )-^ c ^- 1 )^(yM(Xz) n ( T{n;X,y+[X ~ 1] ~ - (Az) • r ( n + 1 ^^ + [ A ~ 1 ]-M) N ) 

V r(n;x,y) r(n + l;x,y) / 

= ^ 2 (n;x,y;z)^2( n ; 2; ; y ~ N; A -1 ) - ^ 2 (n + l;x,y; z)%(n + l;x,y - [z];A _1 ). 

□ 

From ([50]) - ([53]) . one can further get 

+ fc; x, y; A)*i(n + fc; x, y; z) = z -1 *^ - 1; x - [z _1 ], y; A)%(n; x, y; z), (54) 

fc<0 

^2^l(n + k;x,y;X)^ 2 {n + k;x,y;z) = * 2 (n; x, y; z)*J (n; x, y - [z];A), (55) 
^^(n + /c;x,y;A- 1 )^i(n + k;x,y;z) = z^^n; x, y; z)^(n - l;x - [z -1 ], y; A" 1 ), (56) 

fc<0 

^ *3(n + k\ x, y; A _1 )* a (n + k; x, y; z) = f 2 (n; x, y; z)^(n; x, y - [z]; A" 1 ). (57) 

fc>0 

If introduce the following two notations, 

G 1 (Of(x,y,z) = f(x-[r 1 ],y;z), G 2 (Of(x,y;z) = f(x,y-[^};z), (58) 



one can further have another group of relations about the wave functions, which is the lemma below. 

li 



Lemma 7. 

(Gi(z) - ^ _1 ],y;A) 
= ~*i(n;a;,y;^)*i(n - l;z - [z~\y\ A), 

(AG 2 (z) - l)*i(n;x,y;At)**(n- l;x - ^ _1 ],y; A) 
= /i*i(n; x, y; (j)^\(n; x,y - [z]; A), 

(G 1 (z)-l)^ 2 (n;x,y; fj L- 1 )^* 2 {n;x,y-[^ l };\~ 1 ) 
= z- 1 ^ 2 (n;x,y;^ 1 )^* 2 (n- l;x - [z~ l ],y; A -1 ), 

(AG 2 (z) - i)* 2 (n; y; M _1 )*2( n : ^> y - [m -1 ]; A" 1 ) 
= -^ 2 (n;x,y;^ 1 )^2( n ; 2; ; y - [z]; A -1 ). 



Proof. Firstly for ([59]), with the help of (j!8jl and poj), one has 

(Gi(z) - l)*i(n; x, y- ^\(n - 1; x - y; A) 

A \ _ V^\ n e C(x, At )-^( a; ,A) z -i/ 1 _ A\-! 



/// VA/ ' V z/ r(n;x,y)r(n;x - [z 1 ],y) 

x ((z - /i)r(n; x, y)r(n; x + [A" 1 ] - - [z -1 ], y) 

-(z - A)r(n; x - [z" 1 ], y)r(n; x + [A^ 1 ] - {pT 1 ], y)), 
and further according to (l46j) with si = A -1 , s 2 = and S3 = z~ l , 

(Gi(z) - l)V 1 (n;x,y;^l(n-l;x- [/x _1 ],y; A) 

A/f //* \ n ^(^-g^A) f t A\-i r(n;x- [/x" 1 ], y)r(n; x + [A' 1 ] - [z' 1 ]^) 
2; \A/ V z) r(n; x, y)r(n; x — [z -1 ], y) 

= — *!(n;x,y;/x)*J(n - l;x- [z~ l ],y;\). 
Then by (fl8]) . (|58|) and (jUJ) with si = A" 1 , s 2 = and s 3 = 2, {60]) is obtained. 
(AG 2 (z) - l)*i(n; x, y; //)**(n - 1; x - \jjT 1 ], y; A) 



1--) (ii) eC(».A«)-€(*,A) 



/i/ VA/ r(n;x,y)r(n + l;x,y - [z]) 

x (//r(n; x, y)r(n + 1; x + [A -1 ] - [/z -1 ], y - [z]) 

-Ar(n + 1; x,y - [z])r(n; x + [A -1 ] - [pC 1 ], y)) 

J c xx,»)-e(x,\) r ( re ; x ~ [v l ],y) T { n + jj g + [A' 1 ], y - [g]) 

VA/ r(n;x,y)r(n + l;x,y - [z]) 

= n^x{n\x,y\n)^*{n\x,y - [z]; A). 

Similarly, (JTHJ), (J5SJ and (gSD for si = A -1 , s 2 = /i" 1 , s 3 = z" 1 lead to flEED 

(G x (z) - l^n^y;/^ 1 )^;^- [/^A" 1 ) 

12 



V fiJ KfiJ T(n;x,y)T(n;x - [z 1 },y) 
(r(n; x - [z' 1 }, y + [A -1 ] - [ / u _1 ])r(n; x, y) - r(n; x, y + [A -1 ] - [iT l ])r{n\ x - [z~ x ), yfj 

V/i/ r(n;x,y)r(n;x - 

= ^ x * 2 (n; x, y; H~ l )^* 2 {n - 1; x - [z -1 ], y; A" 1 ). 

At last, ([62]) can be got by according to (|4"9]l with si = A -1 , s 2 = A* -1 ) S3 = 2, 

(AG 2 (z) - l)* 2 (n; x, y; ^-^^(n; x, y - [/i" 1 ]; A" 1 ) 



1-- - e 



fj-J \[iJ T(n;x,y)T(n + l;x,y-[z]) 

x ((^r 1 - z)r(n + 1; x, y + [A -1 ] - ki -1 ] - [z])r(n; x, y) 

-(A" 1 - z)r(n; x, y + [A" 1 ] - [^ _1 ])r(n + l;x, y - [z])) 

V/J r(n;x,y)r(n + l;x,y - [z]) 

-^2(n;x,y;/i _1 )^2(^;^,y - N; A -1 ). 



□ 



5. the Actions of the Squared Eigenfunction Symmetries on the Tau Function 

Based upon the preparation above, we now give the actions of the squared eigenfunction symmetry 
on the wave functions, and further on the tau function. 

Proposition 8. The actions of the squared eigenfunction symmetry on the wave functions is given 
as follows 

= h<h{z) - i) x{x ' x ^ )t ,(ag 2 (z) - i) x fo A '")n (63) 

W V r t ) 

d ^ - it U Gl (z)-l) t{y > — ^ , (AG 2 (z) - 1) t(y > — ^ ) . (64) 



* AV iV y r ,v " v ' r 

Proo/. Firstly bv (pi) . (l59j) and p3j) . 

ai *i = (A- 1 *i(x,y; j u)®*t(x,y;A)) z *i(x,y;z) 

= ( A~ X *i(n; x, y; /x) ^ ^(n + fe; x, y; A)*j (n + fc; x, y; z) j 

V fc<o / neZ 

= (A _1 z" 1 *i(n;x,y;/i)^(n - l;x - y; A)#i(ra; x, y; z)) neZ 

= {-X^^^iin-x^y-z^Giiz) - l)(*i(n;x,y;/i)*I(n - l;x - [/r 1 ], y; A))) n£Z 

= * l(Gl ( 2 )- 1)^1^1. 

r 
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Then with the help of (|55|> . flgO|) and (f23t 

ai ^2 = -(X~ 1 ^i{x,y;n)0^l(x,y;X)) u ^ 2 (x,y;z) 

oo 

A _1 ^i(n; x, y; fi) ^ #*(n + fc; x, y; A)^ 2 (^ + k; x, y; z) 

k>0 

= - (A _1, I'i(n;x,y;/i)^'i(n;x,y - [2]; A)* 2 (n; ^,2/; 2)) n6Z 

= (-A-V" 1 $ 2 (n;x 1 y;z)(AG 2 (z) - l)(*i(n; x, y; - U x - \pr\ y; A))) neZ 

= ^(AG 2 (z)-l) X(g ' A ^ )r , 

r 

and (Eft, flUD and ® lead to 



9a 2 *i = -(A 1 ^ 2 (x,y;^ *) ®*5(a;,i/;A 1 ))/^i(x, y; *) 

= - ( A- 1 ^ 2 (n;x,y; / u^ 1 )^^(n + A:; x, y; A^ 1 )1'i(n + k;x,y;z) J 

= (-X- 1 ^ 1 {n;x,y;z)(G 1 (z) - 1) (* 2 (n; x, y; /i" 1 )^^; x, y - [/r 1 ]; A" 1 )))^ 

= ^^(gi(^)-l) % ' A ^ )T - 
A r 

At last, according to (l57jl . (j62l) and (EMjl 

d a2 ^ 2 = (A" 1 ^ 2 (x,y;/x- 1 )®^(x,y;A" 1 )) u ^ 2 (x,y;z) 

oo 

A -1 ¥ 2 (n; x, y; /i" 1 ) ^ ^(n + k; x, y; A -1 )tf 2 (n + k; x, y; z) 



neZ 



fe>0 

= (A _1 tf 2 (n; x, y; M _1 )* 2 (" - 1; x, y - [z]; A _1 )* 2 (n; x, J/; ^)) n6Z 
= (-A- 1 ^ 2 (n;x,y;z)(AG 2 (z) - 1) (* 2 (n; x, y; ^"^(n; x, y - [/i -1 ]; A" 1 ))) 

= ^ 2 (AG 2 (,) - 

A r 

□ 

At last according to the relations (|18p between the wave functions and the tau functions, we get 
the following proposition. 

Proposition 9. The actions of the squared eigenfunction symmetries on the tau functions are given 
as follows 

d ai r = X(x, X, h)t, d a2 r = -X(y,X,fi)r. (65) 
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6. Conclusions and Discussions 



The squared eigenfunction symmetry of the Toda lattice hierarchy is constructed explicitly in the 
form of the Kronecker product of the vector eigenfunction and the vector adjoint eigenfunction. And 
the relation with the additional symmetry is also investigated, that is, the squared eigenfunction sym- 
metry can be viewed as the generating function of the additional symmetries when the eigenfunction 
and the adjoint eigenfunction are the wave function and the adjoint wave function respectively. The 
action of the particular squared eigenfunction symmetry on the tau function of the Toda lattice hier- 
archy is obtained with the help of the Fay-like identities and the relations about the wave functions. 
And thus another proof of the ASvM formulas for the Toda lattice hierarchy is given. The squared 
eigenfunction symmetry here is expected to be applied in the study of the symmetry constraints for 
the Toda lattice hierarchy And the spectral representation for the eigenfunction of the Toda lattice 
hierarchy, similar to KP hierarchy case [5], is also expected to be set up. We will focus on these 
questions later in the future paper. 
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